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Abstract

Temporal statistics of temperature and velocity fluctuations are studied in a highly turbulent convective flow develope
a cylindrical cell of aspect ratioΓ = 1/2. Numerical data are analyzed forRa up to 2×1011 at fixed Prandtl number (Pr = 0.7).
Temperature and velocity time series are collected from numerical probes placed within the fluid volume in the bulk and clo
to the boundaries. It is shown that the effects of the boundaries and of the large scale recirculation are reflected in the
statistics of the analyzed quantities. Spectra and structure functions show that the temperature statistics follow the
scaling while the velocity fluctuations exhibit scaling laws which are surprisingly very close to those of the temperature
results are in contrast with the Bolgiano or Kolmogorov behaviors expected for the velocity statistics and a possible th
explanation is presented.
 2003 Elsevier SAS. All rights reserved.

1. Introduction

A physical model which is commonly adopted in experimental investigations of convective turbulence, is the buo
driven motion developed within a closed container filled with fluid, and activated by a temperature difference∆ applied across
the top and the bottom plates. The great interest manifested towards this physical problem (see, e.g., [1]) is mot
the peculiarities of convective turbulence connected with the action of buoyancy forces. Indeed, in addition to geometric
parameters (such as the aspect ratioΓ defining the ratio between the lateral and vertical extent of the cell) the most imp
dimensionless group governing the convective turbulence is the Rayleigh numberRa = gα∆h3/(νk) (h denotes the separatio
distance between the hot and cold plates,ν the kinematic viscosity,k the thermal diffusivity,α is the isobaric thermal expansio
coefficient of the fluid andg the acceleration of gravity). For increasing∆, buoyancy forces drive the fluid motion leadin
to the onset of spatio-temporal instabilities and, whenRa is sufficiently large, to turbulence. Other parameters of inte
are the Prandtl numberPr = ν/k which accounts for the thermo-physical properties of the fluid, and the Nusselt nu
Nu = Hh/(λ∆) (whereH is the heat per unit surface transferred between the two plates andλ the fluid thermal conductivity)
a dimensionless form of the heat transfer.

A key issue in the study of convective turbulence is to understand the way buoyancy forces and temperature influ
turbulence statistics. Buoyancy forces affect the large scale flow by the generation of convective rolls whose features dep
both on the geometry of the cell (see, e.g., [2]) and on theRa number (see, e.g., [3]). Small scales, or large frequency, stat
are also deeply influenced by buoyancy since, as pointed out by Aivalis et al. [4], the temperature is a dynamical
which, under certain circumstances, plays the role of an active scalar. Different behaviors are indeed observed at differ
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large to small scales might occur. This behavior is manifested as different scaling laws in the temperature and velocit
which might coexist for different ranges of wavenumbers. The crossover scale between the buoyancy-driven and iner
regimes is identified by the so called Bolgiano scale (see, e.g., [5]) which is defined as:

LB � ε̄5/4

(gα)3/2�N3/4
, (1)

whereε̄ and �N are, respectively, the averaged turbulent kinetic energy and temperature variance dissipation rates. A
out by Grossman and L’vov [6], atPr > 1 the Bolgiano scale can be much smaller than the energy injection scale. For
scales larger thanLB a buoyancy driven regime is expected where the temperature spectrum decays with a−7/5 power law
while velocity spectra exhibit a−11/5 power law (Bolgiano dynamics). For scales smaller thanLB inertia forces are expecte
to dominate and the classical Kolmogorov scaling [7,8] with−5/3 decay is expected to hold for the velocity. In this regi
the temperature behaves like a passive scalar and the Kolmogorov scaling applies also for the temperature spectra.
studies (e.g., [9,10]) have shown that the Kolmogorov scaling corresponds to a constant energy flux towards the sm
while the Bolgiano scaling corresponds to a scale-independent entropy flux.

The above described physical picture is supported by several experimental results performed in the last few decad
high Ra. Most of the experimental studies, however, were concerned with temperature statistics since the temperatureT can be
measured in a relatively easy manner. Temperature statistics have been analyzed both in terms of frequency spectra and, i
physical domain, in terms of the so calledp-order temperature structure function, defined as:

S
p
T (τ) = 〈[

T (t + τ) − T (t)
]p 〉

. (2)

Limiting to large Pr number fluids (Pr > 0.3), temperature spectra obtained in gaseous and liquid helium and wate
shown agreement with the Bolgiano scaling (e.g., [11–13]). The Bolgiano and the Kolmogorov regimes have been
simultaneously in the temperature spectra also in a recent experiment by Niemela et al. [14]. Temperature structure
evidencing the Bolgiano scaling have also been reported (see, e.g., the recent experiments by Aivalis et al. [4], an
et al. [15]). Fewer experimental results are concerned with the velocity statistics in view of the difficulties in measur
quantity (see, e.g., [16]). Also in this case both energy spectra and velocity structure functions have been analyzed,
being defined as:

S
p
v (τ) = 〈[

v(t + τ) − v(t)
]p 〉

, (3)

wherev(t) denotes the measured velocity component. The Bolgiano scaling was observed in the experiment by Tong
[17] using the photon-correlation homodyne spectroscopy technique in aΓ � 1 water filled cell. Velocity spectra obtained b
Laser Doppler Velocimetry (LDV) technique in aΓ = 0.7 cell filled with SF6 gas close to the critical point, were presen
by Ashkenazi and Steinberg [18,19] showing the signature of the large scale recirculation cell and a good agreemen
−11/5 Bolgiano scaling. In this case however, thePr number of the flow was very high (Pr = 93). More recently Shang an
Xia [20] have shown, by LDV measurements in aΓ = 1 water filled cell, the existence of the Bolgiano scaling in the vert
velocity spectra but a surprising−7/5 scaling in the low frequency range was also reported.

The few and sometimes contradictory experimental results in highRa convection at largePr, highlights that a clear pictur
of the effect of buoyancy and temperature on the overall statistics is still far from clear. On the other hand, since the
numerical simulations have already been validated by cross-checks with other simulations and laboratory experiments
from the literature, we wish to compute some accurate velocity statistics in order to provide a frame for the interpretation o
the latest results; this represents the main motivation for the present study. The configuration adopted and the numer
is the same as reported in Verzicco and Camussi [3] and a brief description is given in Section 2. The statistical an
conducted by computing temporal frequency spectra, probability density functions (PDF) and structure functions of both the
temperature and the three velocity components. The present analysis is an extension of previous studies presented
and Camussi [3] where attention was focused mostly on the effect of the large-scale recirculation. The main results
achieved are reported in Section 3 while final discussions and conclusions are given in Section 4.

2. The physical problem

Temperature and velocity data were obtained by a direct numerical simulation of the three-dimensional unsteady
Stokes equations with the Boussinesq approximation. Details on the numerical set-up are given in Verzicco and Cam
The flow is enclosed in a cylindrical cell of aspect ratioΓ = 1/2 heated from below and cooled from above atPr = 0.7.
This configuration replicates the experimental set-ups of Chavanne et al. [21], Niemela et al. [14] and Roche et al.
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performed the experiments using gaseous helium close to the critical point as working fluid. In the numerical simulationRa
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is varied from 2× 10 up to 2× 10 but the present analysis is mainly focused to the cases atRa = 2 × 10 and 2× 10 ,
where theRa number is large enough for sufficiently broad scaling ranges to be visualized. For the present purposes, the
advantage of the numerical approach is the possibility of inserting within the fluid volume an arbitrary number of “ideal
which provide simultaneous point-wise measurements of temperature and of the three velocity components, without i
problems. In the present analysis 400 probes are placed within the cell both in the bulk and close to the walls. 20 az
equispaced probes are located on 20 circles 2 of which, containing40 probes, are located close to the hot plate, 2 close to the
plate, 9 halfway between the plates in the bulk and 1 halfway between the plates close to the sidewall. For a sketch of
positions inside the cell see Fig. 1 of Verzicco and Camussi [3]; here we only wish to stress that in the plate region, the m
distance of the probes from the wall is∆z/h = 0.0052 while viscous and thermal boundary layer thicknesses are, respec
δv/h = 0.00876 andδθ /h = 0.00184 atRa = 2 × 1010 and δv/h = 0.00454 andδθ /h = 0.00110 atRa = 2 × 1011. This
implies that the probes in the wall region are ‘within’ the viscous boundary layer but outside the thermal layer; neverth
will see that the flow dynamics in this region is strongly influenced by the wall and definitely different from the bulk r
The bulk region is tagged by the spatial measurements and averages of global quantities, such asε̄ and �N , already presented i
Verzicco and Camussi [3] (see Fig. 19 of that paper). In the bulk region, owing to the large number of probes and the l
evolution, about 220 large-eddy-turnover times at the highestRa, about 2×107 samples have been collected while, accordin
the reduced number of available probes, the samples close to the walls are ‘limited’ to about 2× 106. The analysis of high orde
statistics has been, therefore, limited to the bulk region. Similar limitations apply to the probes halfway between the p
close to the sidewall; their distance from the wall is∆r/h = 0.09 while the thickness of the lateral viscous boundary laye
δlw/h = 0.0242 atRa = 2× 1010 andδlw/h = 0.0126 atRa = 2× 1011; the probes are therefore outside the viscous boun
layer (the thermal boundary layer does not develop since the surface is perfectly adiabatic) even if, as in this case
dynamics are affected by the wall.

We wish to stress that both spectra and structure functions are computed in the time domain. Indeed, except for r
flow close to the hot/cold walls a mean velocity is not present thus it is not possible to apply the Taylor hypothesis to
time to space. Furthermore, in the numerical simulation the governing equations have been made non-dimensional
free-fall velocityU = √

gα∆h, the distance between hot and cold platesh and their temperature difference∆, thus both the
velocity components and the temperatureas well as the statistical quantities associated with themare hereafter presented
non-dimensional form. Specifically, the non-dimensional temperatureθ is defined asθ = (T − Tc)/∆ so that 0� θ � 1, with
Tc the temperature of the cold plate.

3. Results

Examples of temperature and velocity spectra as well as secondorder structure functions were already presented in Verz
and Camussi [3] but they are analyzed here in more detail. In the present approach we separate the results obtained
boundaries with respect to the statistical analysis in the bulk which, due to the larger number of samples available, is c
more accurately.

3.1. Effect of the boundaries on the temperature and velocity statistics

The presence of the boundaries strongly affects the velocity and temperature statistics and different behaviors are
depending on the flow region (i.e., close to the horizontal plates or to the lateral wall) as an effect of the large scale
As noted in Verzicco and Camussi [3], at largeRa the dynamics in regions close to the horizontal plates are governed b
presence of a horizontal mean wind which (see also [23]), even if correlated to different large scale structures depe
the Ra magnitude, is always effective. However, such an effect does not seem to have a relevant influence on the tem
spectra. Indeed, as shown in Fig. 1, the temperature spectra obtained atRa = 2 × 1010 and computed close to the lower a
upper plates do not exhibit any scaling range. On the other hand,close to the lateral wall, a scaling range in the tempera
spectra atRa = 2×1010 is present (Fig. 2) and it appears close to the Kolmogorov−5/3 law. This seems to reflect the influen
of the mean recirculation velocity which characterizes the temperature dynamics at thisRa.

Analogous results on the temperature spectra are obtained atRa = 2 × 1011 and are reported in Fig. 3. As was show
in Verzicco and Camussi [3] atRa larger than 2× 1010 the large scale convective cell filling the whole volume breaks
into two counter-rotating asymmetric unity-aspect-ratio rolls. This transition has an appreciable impact on the statistics of th
bulk turbulence as well as close to the boundaries with the generation of a bump in the region of frequency or tim
which separates the power law range from the dissipation region. The presence of the bump, which produces the−1 slope,
is documented close to the lateral wall, and it has been observed also experimentally in a similar flow (J. Niemela,
communication). Kaneda et al. [26], in a recent high resolution DNS of homogeneous and isotropic turbulence, observed a
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Fig. 1. Non-dimensional temperature frequency spectra computed close to the upper cold wall (solid line) and lower hot wall (solid-dot l
Ra = 2×1010. The Bolgiano prediction is reported to show that no scaling range is observed.PSD∗ andf ∗ denote non-dimensional quantitie

Fig. 2. Non-dimensional temperature frequency spectra computed close to the lateral wall (half height between the hot/cold walls)
Ra = 2× 1010 (solid-bold line). The temperature spectrum obtained in the bulk is reported for comparison (solid line) as well as the Bolgia
(solid) and Kolmogorov (dotted) predictions.

in the velocity spectra at high frequencies. According to their analysis, the bump can be attributed to the different m
of the energy dissipation rate as compared to the kinetic energy flux. Present results seem to suggest that similar m
should occur in convective turbulence. The direct computation of the temperature variance flux might help to clarify th
and further studies are needed to pursue this task.

The effect ofRa on the large scale features as well as the different dynamics observed close to the boundaries is doc
also by the temperature PDFs which are reported in Fig. 4. PDFs of temperature fluctuations computed in the bul
clear exponential tails that enlarge for increasingRa. At the hot (cold) plate the temperature PDFs are skewed towards po
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Fig. 3. Non-dimensional temperature frequency spectra atRa = 2× 1011 close to the boundaries.

Fig. 4. Comparison between temperature PDF atRa = 2 × 1011 (solid-dot) andRa = 2 × 1010 (solid). (a) Bulk, (b) hot wall, (c) cold wall,
(d) lateral wall.
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Fig. 5. Non-dimensional velocity frequency spectra computed close to the hot wall atRa = 2 × 1010. Solid line isvz , solid-bold line isvθ ,
solid-dotted line isvr . The dotted straight line is the Kolmogorov scaling (f −5/3). The same result is obtained at the cold wall and is
reported for brevity.

Fig. 6. Velocity PDFs close to the cold wall atRa = 2× 1011. Solid line isvθ , solid-bold line isvr , dotted line isvz .

(negative) values thus showing in this case the strong influence of hot (cold) events which were not observed in the tem
spectra. Interesting features are observed close to the lateral wall where the PDFs’ tails are larger at the lowerRa and are likely
to be signatures of the diminished strength of the large scale convective roll.

The most relevant effect of the boundaries on the velocity spectra is the large scale anisotropy which, as shown
and 8, significantly affects only the wall-normal of the three velocity components. Specifically, when close to the ho
plates (Fig. 5) the low frequency range of the vertical velocity is lowered as an effect of the horizontal wind sweeping th
that injects energy mainly on the horizontal velocity components. In spite of the temperature behavior reported in Fi
horizontal velocity is now sufficiently energetic to exhibit a scaling range which is close to the Kolmogorovf −5/3 prediction.
Similar results are obtained at the largerRa.
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Fig. 7. Velocity PDFs close to the hot wall atRa = 2× 1011 (same symbols as in Fig. 6).

Fig. 8. Non-dimensional radial velocity frequency spectra computed close to the lateral wall atRa = 2 × 1010. For line symbols see Fig. 5
solid straight line is the Bolgiano scaling of temperature (f −7/5) while dotted straight line is the Kolmogorov scaling (f −5/3).

The presence of hot/cold events affecting the temperature statistics close to the horizontal walls is reflected al
velocity PDFs which are reported in Figs. 6 and 7. It is clear that the only component showing a strongly non-Gaussian s
the vertical one which develops strong positive or negative tails depending whether cold or hot events are statistically d

In the vicinity of the lateral wall, the radial velocity component is inhibited and the same dynamics as close to the ho
plates is observed with the radial velocity playing the role of the previously described vertical velocity component.

It is possible to conclude therefore that, accounting for the effects of the large scale features, the dynamics of both
and temperature close to the lateral wall atRa � 1010 is within the so-called inertia-driven regime since the Kolmogorovf −5/3

scaling is consistently observed. Close to the horizontal plates the spectral features are dominated by the horizontal w
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hot/cold emission close to the horizontal walls are characterized by intermittent statistics which cannot be retrieved by
spectral analysis which projects the time signals over bases of trigonometric functions. The nature of such events can
in the time domain only by adopting some kind of conditional statistics which, taking advantage of the numerical sim
can be coupled with direct visualizations of the 3D spatial velocity, temperature and vorticity fields close to the walls. T
is beyond the scope of the present paper and a study of these aspects is presently underway by the authors.

3.2. Statistics in the bulk

As was shown in Verzicco and Camussi [3], the temperature statistics in the bulk are characterized by Bolgiano d
which are manifested as a−7/5 slope in the scaling range of the spectra. For the sake of completeness, we report an e
of such a result in Fig. 9 for the case atRa = 2× 1010. A similar behavior was observed also atRa larger than 2× 1010.

Quite different behaviors are observed in the velocity statistics which surprisingly show results inconsistent with the
and statistics of the temperature and, in particular, with the expected Bolgiano dynamics. As a first indication, the
components PDF computed in the bulk are reported in Fig. 10. The deviations from the Gaussian curve are very s
indicating that the velocity statistics are close to Gaussian in spite of the temperature PDF reported in Fig. 4. A simi
on the velocity statistics was reported by Ashkenazi and Steinberg [19] but it was ascribed to background noise effe
experimental measurements.

Velocity spectra computed in the bulk atRa = 2 × 1010 are reported in Fig. 11 in compensated form. It is clearly sho
that even if a scaling range is present, the expected Bolgiano−11/5 law does not apply and even the Kolmogorov−5/3 decay
seems too steep. The correct scaling law is surprisingly very close to that of the temperature spectra, that isf −7/5. Analogous
results are obtained atRa = 2 × 1011 even if the scalings are less clear due to the presence of the bump which, as was
in Verzicco and Camussi [3] strongly affects also the velocity statistics. At any rate, results reported in Fig. 12 clear
that the Bolgiano scaling−11/5 is not observed while the Bolgiano scaling law of the temperature,f −7/5, seems to be mor
appropriate also for the velocity spectra.

The scaling behaviors in the bulk are analyzed in more detail by the computation of the temperature and velocity
functions. Results consistent with the Bolgiano scaling of temperature were presented in Verzicco and Camussi [3] in te
of second order temperature structure functions. Specifically, a 0.4 scaling exponent was observed in the temperatu

Fig. 9. Non-dimensional temperature frequency spectra computed in the bulk atRa = 2 × 1010. The lower panel shows the compensa
spectra (solid-bold line is−7/5 compensated, while solid-dot line is−5/3 compensated) evidencing the Bolgiano−7/5 scaling (dashed line
is horizontal).
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ov
Fig. 10. Velocity PDF computed in the bulk atRa = 2 × 1011. For symbols see caption of Fig. 6. Solid-dotted line represents a refe
Gaussian curve. Analogous results are obtained atRa = 2× 1010 and are not reported for brevity.

Fig. 11. Non-dimensional radial velocityfrequency spectra computed in the bulk atRa = 2×1010, compensated with respect to the Kolmogor
scalingf −5/3 (solid-dot line) and the Bolgiano scalingf −7/5 (solid-bold line) of the temperature.
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Fig. 12. Non-dimensional radial velocityfrequency spectra computed in the bulk atRa = 2×1011, compensated with respect to the Kolmogor
scaling and the Bolgiano scaling of the temperature (for symbols see Fig. 11).

Fig. 13. Scaling of the normalized 1st order temperature structure function (following Ching [24]) computed in the bulk atRa = 2×1010 (solid
line) andRa = 2× 1011 (solid-dotted line). The time incrementτ is non-dimensional and the approximated magnitude of the non-dimension
Bolgiano (τB ) and integral (τL) time scales are also reported.
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Fig. 14. Radial velocity structure functions computed in the bulk atRa = 2 × 1010 (solid lines) andRa = 2 × 1011 (solid-dotted lines). The
structure functions are normalized with respect to the value assumed at the integral time scaleτL.

Fig. 15. Radial velocity second order structure functions (normalized as in Fig. 14) computed in the bulk atRa = 2 × 1010 (solid line) and
Ra = 2× 1011 (solid-dotted line).
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order structure functions in agreement with the−7/5 slope of the temperature spectra. Chavanne et al. [21], for flow conditions
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similar to the present ones, also observed a−7/5 slope in the spectra but their asymptotic scaling of the temperature se
order structure functions was closer to 2/3 rather than 0.4. Such a mismatch deserves further investigation.

According to Ching [24], the presence of a scaling region in the temperature fluctuations can be evidenced by
normalization of the first order temperature structure function which is reported in Fig. 13 as a function of the (non-dime
time increment. According to the approach usually adopted in experiments, the Bolgiano time-scale reported in this
been computed by the global estimation [24,13]:

τB

τL
= LB

h
= Nu1/2

(Ra Pr)1/4
. (4)

It is shown that a scaling range is observed for bothRa and for scales which are approximately included between the Bolg
and the integral time scales, a result which is consistent with the temperature Bolgiano scalings above presented.

The scaling behavior evidenced by the velocity structure functions within the same range of time scales is inste
different from the expected Bolgianoprediction which should lead, neglecting intermittency effects, to a scalingτ3p/5 for the
p-order velocity structure functions. We point out that within the bulk the velocity fluctuation show good isotropy (see [3
we limit ourselves to present the statistics of the radial velocity component. Examples of radial velocity structure funct
reported in Fig. 14 forRa = 2× 1010 and 2× 1011. This plot evidences that a scaling range is present and the scaling law
not affected byRa. In Fig. 14 moments up to the 8th order are presented, however, due to statistical convergence lim
in the following the analysis is limited to moments order up to the 4th. This result induced us to analyze directly the
exponents, without adopting any relative scalings as in the ESS approach (see [25]) which, as shown by Aivalis et al. [
lead to unpredictable errors. Indeed, we wish to stress that we are not interested in determining accurately the scaling e
magnitude but our aim is to demonstrate the consistency of the spectral results in the physical domain. The second ord
structure function is reported in detail in Fig. 15. Consistently with the velocity spectral analysis it is shown that the B
scaling expected for the velocity fluctuations is completely missed. The second order structure function shows an inte
scaling between the Kolmogorov 2/3 prediction and the temperature 2/5 Bolgiano scaling.

This result is confirmed by the analysis of the local slope of the velocity structure functions computed by taking the de
of the logarithm, and reported in Fig. 16. The agreement with thep/5 scaling is evident even though forp > 6 (results not
reported for brevity) the presence of a scaling region is buried by large oscillations due to the lack of statistical converg
this extent it should be stressed that, as can be observed from Figs. 15 and 16, at smallτ thep-order velocity structure function
follows the expected power law of the formτp . This result indicates that a statistical convergence at small time increme
been reached at least forp � 4.

In summary, the statistical analysis in the bulk shows that both spectra and velocity structure functions show
exponents close to those of the temperature, i.e.,−7/5 for the spectra andp/5 for the structure functions. A similar scalin
even if coexisting with the Bolgiano−11/5 power law, was observed in the velocity spectra obtained experimentally by S
and Xia [20]. The present results are surprising since neither the Kolmogorov scaling−5/3 nor the observed−7/5 scaling of
the velocity spectra, are consistent with the scaling of the temperature. A summary of the results achieved in the bul
in Table 1 together with the expected Bolgiano scaling exponents.

In order for the present results to be interpreted, it is useful to work out the phenomenology and dimensional ar
leading to the Kolmogorov and Bolgiano scaling predictions. The first one should be achieved in the inertia-driven regim
the velocity difference at a time scaleτ , denoted asuτ , is driven by the rate of turbulent energy dissipation at the time scaτ ,
indicated asετ . In this caseuτ ∼ (τετ )1/3. The temperature behaves like a passive scalar, and, from dimensional argu

the scaling of the temperature differenceθτ should beθτ ∼ ε
−1/6
τ N

1/2
τ τ1/3 whereNτ denotes the rate of temperature varian

dissipation at the scaleτ . In the buoyancy-driven regime the buoyancy force transforms the potential energy injected
system into kinetic energy, thereforeuτ is generated by buoyancy and the scalingu2

τ ∼ αgθτ τ should apply. This leads to th

Bolgiano scaling of the temperatureθτ ∼ N
2/5
τ (αg)−1/5τ1/5. In this regime the temperature is an active scalar and the sc

uτ ∼ τ3/5 should apply for the velocity.
In contrast with the above arguments, in the present cases (see Table 1) it is observed thatθτ ∼ τ1/5 anduτ ∼ τ1/5, that is

uτ ∼ θτ . Therefore the velocity scalings are likely to be driven by a different dynamics with respect to both the Kolmogo
the Bolgiano ones. Basing on the observed phenomenology, what we can argue is that on one side the temperature
is buoyancy dominated, on the other the velocity fluctuations are affected by both temperature variance and kinet
dissipation. Therefore bothετ andNτ have to be accounted for to obtain a dimensional scaling of the velocityuτ consistent
with present results. From dimensional arguments it is in fact possible to retrieve the following relations:1

1 The reported dimensional relationships are determined withina family of possible dimensional scalings which account for bothετ andNτ .
The choice presented is however the only onecompatible with present observations.
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Fig. 16. Local slope of the radial velocity structure functions obtained from the logarithmic derivative. Structure functions are computed in t
bulk atRa = 2× 1010 (solid lines) andRa = 2× 1011 (solid bold lines). The Bolgiano scaling expected for temperature (solid horizontal lin
= p/5) and Kolmogorov scaling (dashed horizontal lines= p/3) are also reported.

Table 1
Scaling exponents obtained in the Bulk. Present results (‘Obtained’) are compared with those consistent with the Bolgiano scaling (‘Bolgiano’)
The main result is that the temperature satisfies the Bolgiano prediction while the velocity scaling exponents are the same as the tempe
ones and are not consistent with the Bolgiano prediction. The scaling exponents are the same for the twoRa presently analyzed

Temperature Velocity

Bolgiano Obtained Bolgiano Obtaine

Spectra −7/5 −7/5 −11/5 −7/5
Structure function p/5 p/5 3p/5 p/5

θτ ∼ N
2/5
τ τ1/5 (Buoyancy dominated), (5)

uτ ∼ θτ ε
1/2
τ N

−1/2
τ (Buoyancy+ inertia). (6)

Roughly speaking, what can be argued is that, according to the scenario proposed by Grossmann and Lohse [10], m
thermal energyαguθ is put into the largest scales through the large scale convective rolls so that the remaining little therma
input is not dominant with respect to the inertial terms in the velocity dynamics. Temperature is active but not as stro
induce a fully buoyancy-dominated regime in the velocity.

The above arguments can be checked in a rather simple, although somewhat naive, manner by taking into ac
following exact global relations:
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Fig. 17. Ratio between the quantity defined in Eq. (10) computed at differentRa. Dotted line is Eq. (10) computed atRa = 2× 1011 divided by
the same quantity atRa = 2× 109. Solid line is Eq. (10) computed atRa = 2× 1011 divided by the same quantity atRa = 2× 1010. Solid-dot
line is Eq. (10) computed atRa = 2× 1010 divided by the same quantity atRa = 2× 109.

ε̄ = Nu − 1√
Ra Pr

, (7)

�N = Nu√
Ra Pr

. (8)

Taking the average of the square of Eq. (6) withoutaccounting for intermittency effects and assumingετ and Nτ to be
statistically independent, the following result should apply:

〈
u2
τ

〉 ∼ 〈
θ2
τ

〉Nu − 1

Nu
(9)

and at sufficiently highRa (whereNu ≈ Nu − 1)

〈u2
τ 〉

〈θ2
τ 〉 ∼ const. (10)

Relation (10) indicates that the ratio between the second order temperature and velocity structure functions s
independent ofτ . Furthermore, the derivation of relation (9) from Eq. (6) should be verified by checking that the ra
Eq. (10) is independent ofRa too.

These arguments can be easily checked from present data and an example is reported in Fig. 17. Here the ra
quantities〈u2

τ 〉/〈θ2
τ 〉 obtained at differentRa is computed. The ratios are reasonably of the order of unity, especially consid

consecutiveRa, and within the range of time scales where the scaling relations apply. This result confirms that the ratio r
in Eq. (6) is independent ofRa. Furthermore, the quantities reported appear to be independent also ofτ thus supporting the ide
that relation (6) is consistent. The observed discrepancies might also be ascribed to the intermittency effects which a
to be different for the velocity and the temperature fluctuations (see, e.g., [15]).

4. Conclusions

Numerical time series obtained from a direct numerical simulation of a fully turbulent convective flow in a cylindric
at Pr = 0.7 have been analyzed for highRa numbers (2× 1010 and 2× 1011). The statistical indicators analyzed consis
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of temperature and velocity spectra, PDFs and structure functions. It is shown that the effect of the boundaries as well as of
he walls.
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3

the large scale recirculations is reflected in the statistics of both velocity and temperature in the bulk and close to t
Different behaviors and anomalous dynamics are indeed observed depending on the region of fluid considered.

In the vicinity of the hot and cold horizontal plates, the detachment of hot or cold (presumed) plumes is not visualize
spectra but it is evident from both the temperature and the vertical velocity PDFs. In this region the horizontal wind s
the plates does not influence the temperature which is damped by the boundary layer effects while the horizonta
components exhibit a Kolmogorov scaling. On the other hand, in the region of fluid close to the lateral wall a Kolm
f −5/3 scaling is observed both in the velocity and in the temperature spectra. This result seems to indicate that th
driven regime is prevalent in the volume of fluid close to the lateral wall.

The statistics in the bulk reveal that the temperature is driven by the Bolgiano dynamics since af −7/5 scaling is clearly
observed in the spectra and the scalingτ2/5 in the second order structure functions (presented in Verzicco and Camuss
However, the velocity fluctuations show dynamical features which are not consistent with the expected Bolgiano sca
scaling exponents of the velocity spectra and velocity structure functions are indeed very close to those of the tem
A possible interpretation has been given, according to Grossmann and Lohse [10] and based on a dimensional reason
accounts for both kinetic energy and temperature variance dissipation rates. However a clear physical picture is not
account of the experimental results which only partially agree with our findings. Further analyses are needed to c
physical behavior behind the observed scalings, in particular by analyzingRa larger than those available from the numeri
simulation. To this extent, further theoretical analyses and experimental studies providing simultaneous measure
temperature and velocity, are surely needed.
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